Dispersion forces can have a sizable effect on the energy levels of highly excited Rydberg atoms when brought close to dielectric or metallic surfaces. Not only do Rydberg atoms suffers energy shifts on the order of several GHz at micrometer distances, the presence of a surface leads in addition to alteration and admixture of states both at zero and finite temperatures. Here, we show that, despite the fact that perturbation theory can no longer be applied for Rydberg atoms near a surface, its energy shift due to the dispersion interaction can be obtained from an exact Fano-type diagonalization of the interaction Hamiltonian. Moreover, we derive the fraction of state admixing in Rydberg atoms near surfaces with a view towards a spectroscopic determination of atom-surface distances.
Dispersion forces can have a sizable effect on the energy levels of highly excited Rydberg atoms when brought close to dielectric or metallic surfaces. Not only do Rydberg atoms suffers energy shifts on the order of several GHz at micrometer distances, the presence of a surface leads in addition to alteration and admixture of states both at zero and finite temperatures. Here, we show that, despite the fact that perturbation theory can no longer be applied for Rydberg atoms near a surface, its energy shift due to the dispersion interaction can be obtained from an exact Fano-type diagonalization of the interaction Hamiltonian. Moreover, we derive the fraction of state admixing in Rydberg atoms near surfaces with a view towards a spectroscopic determination of atom-surface distances. 
I. INTRODUCTION
The change of atomic properties due to the interactions with the quantized electromagnetic field in the presence of macroscopic bodies is a well-known effect. The theoretical approaches to determine the body-induced atomic energy shift, also known as the Casimir-Polder shift, are usually based on second-order perturbation theory [1, 2] . This approach tacitly assumes the validity of its application, that is, that the matrix elements of the interaction Hamiltonian are much smaller than the difference of the unperturbed energy levels. The motivation behind this article is to understand how the formalism used to find Casimir-Polder shifts can be extended to extreme situations where perturbation theory ceases to be applicable.
Over the past years, research in the field of Rydberg atoms has seen an enormous resurgence due to their extraordinary properties and the technological advances in their coherent manipulation. This has already resulted in proposals and, in part, implementation of photonic quantum devices such as quantum gates and single-photon sources [3] [4] [5] [6] [7] , quantum computers [8, 9] and quantum simulators [10] , ideas that could also be expanded to Rydberg states of ions [11] . In all these situations, if one's desire is to control atomic systems with any precision, the surface effects need to be well understood.
The term Rydberg atom refers to an atom in which of one or more of its valence electrons has been promoted to a state with large principal quantum number and thus very large orbital radii. Such states are relatively long-lived when compared with low-lying excitations [12] . Their large radius gives the Rydberg states gigantic dipole transition moments, resulting in strong long-range dipole-dipole interactions between neighbouring atoms. The subsequent van der Waals dispersion interaction prevents the multiple excitation of Rydberg states, an effect known as dipole (or Rydberg) blockade [13, 14] .
Similarly, due to their large electric polarizability the Casimir-Polder force on atoms in Rydberg states near a surface is several orders of magnitude larger than the corresponding force on atoms in their ground state [15] . This force has been shown to depend on the principal quantum number n as n 4 [16] . For example, in Ref. [15] highly excited states of Cs and Na were passed through a cavity of gold coated mirrors and the transmission of the atoms was measured. Due to the attractive atom-surface interaction, deflection of the atoms towards the metallic surface was observed. The interaction strength for atoms prepared in states with principal quantum numbers n = 12 − 30 was shown to be 3 − 4 orders of magnitude larger than those for ground-state atoms for a space gap between the two mirros of 2.1 µm to 8.5 µm. As a numerical example of the expected interaction, the Casimir-Polder shift experienced by a rubidium atom at a distance of z A = 1 µm in front of a perfectly conducting plate can range from ∼ −1800s −1 for ground-state atoms to ∼ 10 10 s −1 for an atom in a Rydberg state with n = 40.
For weak atom-field coupling, the Casimir-Polder energy shift can be obtained from a perturbative calculation [1, 2] which requires that the nature of the spectra does not change qualitatively and the perturbed states can emerge from the unperturbed states when the perturbation is turned on. However, for the application of perturbation theory, it is assumed the perturbation to be small, that is, the energy levels and their differences are not changed significantly,
This condition is only valid for ground-state and lowlyexcited atoms. However, with regard to Rydberg atoms one has to bear in mind that the bare atomic eigenstates levels move very close to each other and condition (1) may no longer be satisfied, this effect is shown in Fig. 1 (red lines). Indeed, the energy difference between adjacent dipole-coupled Rydberg states scales with n −3 , and hence, higher principal quantum numbers equate to lower transition frequencies and larger Casimir-Polder energy shift.
In cases in which second-order perturbation theory can no longer be applied one needs to look for the eigenvalues of the matrix interaction
in a suitably chosen basis. In this article, we will diagonalize the full Hamiltonian of the atom-field system within the two-state basis |ψ = C 0 |0 + C 1 |1 and show how this relates to the perturbative results. This article is organised as follows. Within the formalism of macroscopic QED we first diagonalize the interaction Hamiltonian in order to extract the eigenenergies of the system in Sec. II, which is then used in Sec. III to study the eigenfunctions in the presence of a macroscopic body. We give some concluding remarks in Sec. IV.
II. EXACT EIGENENERGIES OF ATOM-SURFACE INTERACTION
We begin with the computation of the exact eigenenergies of an atom in the presence of a macroscopic body. This will lead to a nonperturbative expression for the Casimir-Polder energy shift that an atom experiences as a result of its interaction with the body-modified electromagnetic field. In the electric dipole approximation, the Hamiltonian that governs the dynamics of the coupled atom-field system can be written as [1] 
Here,Ĥ F is the Hamiltonian of the medium-assisted electromagnetic field which is expressed in terms of a set of bosonic variablesf † (r, ω) andf (r, ω) that are interpreted as amplitude operators for the elementary excitations of the system composed of the electromagnetic field and absorbing medium (polaritons). They obey the commutation rules
The HamiltonianĤ A of the uncoupled atom can be expanded in terms of its eigenenergies E n = ω n and eigenstates |n , whereÂ nm = |n m| denotes the transition operators between two internal atomic states; they obey the commutation rules
The atom-field interaction is described by the electricdipole HamiltonianĤ (6) with dipole transition matrix elements d nm = n|d |m . The tensor G e (r A , r, ω) is related to the classical Green tensor G(r A , r, ω), i.e. the solution of the Helmholtz equation with the appropriate boundary conditions at the medium-vacuum interface, by
where ε(r, ω) is the (complex) dielectric permittivity of the macroscopic body.
A. Two-level atom near a surface
Let us consider first a two-level atom with energy levels |1 and |0 , for which the dipole operator can be written asd = dÂ 10 + d * Â
. The atomic Hamiltonian then reduces toĤ
It is useful to introduce position-dependent photon-like annihilation and creation operatorsâ (r, ω) andâ
with the normalization factor
The creation operatorâ † (r, ω) can be used to define single-quantum excitations from the ground state |{0} of the medium-assisted electromagnetic field,
These ladder operators obey the usual commutation rule â (r, ω) ,â † (r, ω ) = δ (ω − ω ). The states |r, ω are eigenstates of the field HamiltonianĤ F such that
The interaction Hamiltonian can then be re-written aŝ
Note that the rotating-wave approximation has not been applied. The initial state is taken to be the ground state |0 A of the two-level atom and the vacuum state of the mediumassisted field, |0 = |0 A |{0} , which is connected to a (continuous) set of final states |1 = |1 A |r A , ω [18] . Our purpose is to diagonalize the total Hamiltonian within this basis, that is, to find the exact solutions ofĤ|ψ = E|ψ , where
Applying the Hamiltonian to the state |ψ and using the commutation rules for the atomic and photon-like operators yieldŝ
On the other hand, we havê
where we have written the energy eigenvalue as E = Ω. Comparing coefficients, one finds a set of equations
for the eigenfrequencies Ω. In order to recognise the structure of these equations, we discretize the frequency integral in Eq. (17a) according to
(18) This leads to a set of N + 1 equations
which can be brought into the matrix form
with an (N + 1)-dimensional coefficient vector c = (C 0 , C
with entries
The eigenvalue equation (20) has a unique solution if the determinant of M vanishes. This determinant takes the form
which is known as a Pick function [19] . The solution to that equation is
which, upon performing the continuum limit by reversing relation (18) , leads to the result
Inserting the normalization factor g(r A , ω), Eq. (10), yields the final result
Equation (26) is a transcendental equation for the exact eigenvalue Ω. Writing Ω = ω 0 + δω 0 and noting that ω A = ω 1 − ω 0 is the (unperturbed) atomic transition frequency, Eq. (26) obtains its more familiar form of
One recognises that it reproduces the result of Ref. [20] which was obtained by a different (nonperturbative) method without resorting to exact diagonalization where instead the Casimir-Polder force was obtained from the dynamical evolution of the atomic variables. Only if the energy shift δω 0 is much smaller compared to the transition frequency ω A , δω 0 ω A , does Eq. (27) revert to its perturbative form without δω 0 in the denominator under the frequency integral [1, 2] .
After rotating the frequency integral to the imaginary axis (assuming that there are no poles on the real axis, i.e. ω 1 − Ω > 0), the expression (26) becomes
However, if ω 1 − Ω < 0, there will be additional poles on the real axis that have to be taken care of when performing the integration. Adding the resonant part Eq. (26) becomes
which, in the perturbative limit δω 0 ω A , reproduces exactly the results of Ref. [21] .
In order to determine the expansion coefficients C 0 and C 1 (ω), we employ the Fano diagonalization method [18, 22] to write the formal solution of Eq. (17b) as
Inserting this formal solution into Eq. (17a), the as yet unknown function Z(Ω) becomes
which is well-defined because the coupling function g(r A , ω) is a positive function. This is because the imaginary part of the dyadic Green function, Im G(r, r, ω), is proportional to the local density of states.
Finally, the coefficient C 0 is determined by normalization of the wave function |ψ which can now be written as From the normalization ψ|ψ = 1, with 0|0 = 1 and r, ω|r, ω = δ(ω − ω), and taking into account that Z(Ω) = 0 by virtue of Eq. (25), we obtain
as the probability of an atom to be found in the initial state |0 A when brought close to the surface.
B. Extension to multi-level atoms
The analysis for a two-level system can easily be extended to multiple excited states that may be distinguished by suitable quantum numbers. For example, with the identification |0 A = nS 1/2 , |1 A = nP 1/2 and |2 A = nP 3/2 , the exact eigenstates are of the form
The eigenvector is determined by the same method applied previously. The system of equations for the eigenfrequencies Ω is, in complete analogy to Eq. (17), where now the normalization functions for the two excited states (n = 1, 2) are, respectively,
The set of Eqs. (35) can again be brought into a matrix form M · c = 0. The square matrix M is again an arrowhead matrix, the energy eigenvalue can be determined by setting det M = 0, which leads to the result
(37) The extension to n dipole-coupled states is then straightforward with the result that
Again one finds a transcendental equation for Ω which can has to be solved numerically.
In Fig. 1 we show the results of the exact diagonalization (27) compared to the results obtained from secondorder perturbation theory. One observes that perturbation theory does not reproduce the results from the transcendental result obtained by the exact diagonalization. The difference between the two methods is depicted in Fig. 2 where we show the C 3 coefficients (∆E = C 3 /z 3 A ) obtained from both theories. One observes clearly that second-order perturbation theory deviates at short distances from the results obtained by exact diagonalization. 
III. EIGENSTATES IN THE PRESENCE OF A MACROSCOPIC BODY
We already observed that the eigenenergies of the atoms are perturbed by the material surface. The purpose of this section is to study the new eigenstates as a result of this perturbation. According to Ref. [18] , the original state is modified by an admixture of a state of the continuum. For an initial unperturbed state of the form 0 0 = |0 A |{0} , there are states of the continuum connected to it via the electric-dipole interaction of the form 1 0 = |1 A |r, ω . Indeed, from the exact diagonalization one finds that the normalized eigenvector of the matrix (21) corresponding to the eigenvalue Ω is given by [19] 
Returning to the continuum limit, one can see that the initial state 0 0 will be modified as
with N a normalization factor. This result is in agreement with Eq. (32) and (33) and also with Ref. [18] .
To illustrate the effects of this admixture, let us consider a rubidium atom near a perfectly conducting surface. As an example we consider the state 32S 1/2 , where for simplicity we only consider the medium-assisted eigenstate as
In Fig. 3 , we show the probabilities according to Eq. (33) for the admixture of the of states 32S 1/2 /kP 1/2,3/2 as a function of atom-surface distance z A . One observes that the presence of the surface mixes the unperturbed eigenstates only weakly, with admixture probabilities on the order of 10 −5 . Despite that, in a null measurement that probes a dipole-forbidden transition, this effect could be observable.
IV. SUMMARY
Within the framework of macroscopic QED, we have shown that, despite the fact that perturbation theory can no longer be applied for highly excited Rydberg atoms near a surface, their energy shifts due to the dispersion interaction with the quantized electromagnetic field can be obtained from an exact Fano-type diagonalization of the interaction Hamiltonian. For a single (discrete) tensor product initial state of the atom and the mediumassisted field (in its ground state) coupled to a continuum of final (polariton) states, we have diagonalized the resulting Hamiltonian matrix and computed the exact energy eigenvalues and the associated eigenstates within this subset. In the case of very small atom-surface distance or very large principal quantum number n, the deviation of the exact energy shift from the second-order perturbation theory result can be appreciable. Despite the fact that the absolute probabilities of state admixture are rather small, in a null measurement of probing dipole-forbidden atomic transitions that become weakly allowed by the surface interaction, the state mixing effect should be observable.
